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Dynamics of a Variable-Mass, Flexible-Body System

Arun K. Banerjee¤

Lockheed Martin Advanced Technology Center, L9-24/250, Palo Alto, California 94304

A new formulation of the dynamics of a variable-mass, � exible-body system is presented by extending Kane’s
equations for variable mass particles to � exible bodies characterized by load-dependent stiffness and assumed
modes. The method captures the effects of thrust, mass center change, and changes in transverse vibration fre-
quencies due to mass loss and thrust. An order-n formulation with prescribed motion of a gimballed nozzle is
given for a � exible rocket. Equations for a planar � exible rocket are illustrated and solved numerically. Open-loop
simulations with prescribed gimbal motion show that the difference in large motion � ight behavior between a
rigid-body model and a � exible-body model of a rocket increases as the � exibility increases. Changes in bending
frequencies of a � exible rocket due to mass loss and thrust-induced softening are shown.

Introduction

D YNAMICS of systems with variable mass have a long history.
The analyticalmethods include a simpli� ed particle approach

giving rise to the classical rocket equations,1,2 a control volume
approach,3 ¡ 5 an equivalent force approach,6 and a constraint relax-
ation approach.7 Of these, the control volume approach, based on
Reynold’s transporttheoremin � uid mechanics,is most comprehen-
sive in that it accounts for details of mass-� ow effects, but some of
the integrals arising in this approach are very dif� cult to evaluate.4

Reference 5 has given some tractable analytical evaluationsof pro-
pellant burn and combustionchamber geometry to shed light on the
effects of mass � ow on attitude stability.The particle approachdoes
not addressmass-� ow effects,thoughit hasbeenshown in Ref. 8 that
equationswith � ow considerationsreduce to the equationsgiven by
the particle approachunder suitable assumptions.The constraint re-
laxation approach treats mass loss as a relaxation of the constraints
that hold a particle in its rest state and for small time discretization
steps yields the same resultsas the particleapproach.The equivalent
force approach treats the mass-� ow effects as a lumped force, and it
has been widely used in industry. Flexible-body effects of systems
losingmasshavebeentreatedin detailonly in Ref. 3. Reference3 de-
rives the nonlinear partial differential equations with time-varying
coef� cients for the general motion of � exible rockets with inter-
nal � ow, and although numerical solutions of the general equations
were not given, closed-form solutions to the equations for some
special cases of rigid-body motion and vibration were provided,
showing that normal modes do not exist. Reference 6 considers for
a rigid/� exible system mass loss only from the rigid part.

Simulation of a system of � exible bodies with variable mass,
described by many time-varyingmodes, requires computationalef-
� ciency considerations. For this, it is desirable to use order-n for-
mulations and parallel processingalgorithms.The literaturedealing
with these is quite extensive with Refs. 9–11 being typical samples.
For a small number of bodies, as in the case of a � exible rocket with
a gimballed engine, order-n formulations are shown to be superior
to parallel algorithms using n processors12 and are reported to be
highly ef� cient even in online computations.13

The present paper gives a new formulation of the dynamics of
a � exible-body system with variable mass. First, Kane’s method,14

adapted to variable-massparticleand rigid-bodysystems in Ref. 15,
is extended to � exible bodies.This is done by requiring that the par-
ticles that lose mass are part of a � exiblebody whose deformation is
given by time-varying modes and frequencies. Concomitant errors
of premature linearization caused by the use of modes are compen-
sated for with the use of load-dependent geometric stiffness.16,17
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This approach captures effects of thrust, mass center change, and
changing vibration characteristics due to thrust and mass loss. It
is shown that Kane’s method14 for � exible bodies losing mass re-
produces the Newton–Euler equations for such systems available
in the literature, besides giving new, vibration equations. Next, a
modi� cation of the algorithmof Ref. 10 is made to develop order-n
equations with prescribed motion of the gimballed nozzle for the
� exible rocket. This becomes useful when a gimbal motion time
history is available from optimal control theory. The formulation is
quite general, and equations with numerical solutions for a planar
� exible rocket are given in detail for illustration.

Kane’s Equation for a Variable-Mass Flexible Body
Considera systemof particles Pk , k = 1, . . . , n, each losingmass,

and let the motion of the system be described by º generalized
speeds.14 Particle Pk of mass mk and velocityvk at time t is subjected
to a force Fk , and at time t + D t it acquires a velocity vk + D vk by
ejecting a particle of mass ( ¡ Çmk D t ) with a velocity vk

e relative to
Pk . Acceleration of the ejected mass due to the changed velocity
being (vk

e / D t ) the force imparted on the ejected particle is

Fk
i = ( ¡ Çmk D t )

¡
vk

e
ê D t

¢
(1)

By reaction ¡ Fk
i acts on the particle that remains in addition to

the force Fk and, appealing to Newton’s law, one gets the classical
equation for a particle losing mass,

mk dvk

dt
= Fk + Çm kvk

e (2)

This derivation,which differs from those based on the conservation
of momentum given in many texts, is due to ProfessorThomas Kane
of Stanford University. Ge and Cheng15 dot multiplied the terms in
Eq. (2) with the partial velocity14 vk

r of Pk with respect to the r th
generalized speed to form what they called the extended Kane’s
equation for variable mass systems:

Fr + F ¤
r + F ¤ ¤

r = 0 (r = 1, . . . , n) (3)

where, after writing dvk / dt in the left-hand side of Eq. (2) as ak , one
de� nes

Fr =
k = mX

k = 1

vk
r ¢ Fk (4)

F ¤
r =

k = mX

k = 1

vk
r ¢ ( ¡ mk ak ) (5)

F ¤ ¤
r =

k = mX

k = 1

vk
r ¢

¡
Çmk vk

e

¢
(6)
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Fig. 1 Planar view of a rocket with a gimballed nozzle.

Extension of these equations to the case when the particles losing
mass constitute a � exible body is possible by writing the velocity
of an elastically constrained particle in terms of assumed modes
and then working with the correspondingpartial velocities. Let the
small elastic deformationsof a generic particle Pk with respect to a
reference frame � xed in body 1, the rocket body in Fig. 1, be

d k =
lX

i = 1

Ák
i qi (7)

and denote the angular velocityof frame 1 as !1 , and let the position
vector from a � xed point O in frame 1 to Pk be pk . Then the velocity
of Pk is

vk = vO + !1 £ ( pk + dk ) +
lX

i = 1

Ák
i Çqi (8)

written in terms of 6 + l generalizedspeeds of the body from which
follow the expressions for the r th partial velocity of Pk

vk
r = vO

r + !1
r £ ( pk + dk ) + d r i Á

k
i (9)

where the Kroneckerdelta associates the r th generalizedspeed with
Çqi . Note in passing that Eq. (8) has been prematurely linearized in
the modal coordinates through the small deformation assumption.
As has been shown in Refs. 10, 16, and 17, the error in the resulting
equations can be compensated for by including geometric stiffness
due to resultant loads. The acceleration of Pk is

ak = aO + ®1 £ ( pk + dk ) +
lX

i = 1

Ák
i q̈i + !1

£

"
!1 £ ( pk + dk ) + 2

lX

i = 1

Ák
i Çqi

#
(10)

Kane’s equations for a � exible body losing mass can be derived by
substituting Eqs. (9) and (10) into Eqs. (4–6). Equations (3) can be
separatedinto translation,rotation,and vibrationequations,depend-
ing on which of the three terms of the partial velocity equation (9)
is non-zero in the dot multiplicationsof Eqs. (3–6). The translation
equations are obtained by dot multiplying with the � rst term in the
right side of Eq. (9):

vO
r ¢

mX

k = 1

D
mk

(

aO + ®1 £ ( pk + dk ) +
lX

i = 1

Ák
i q̈i + !1

£

"

!1 £ ( pk + dk ) + 2
lX

i = 1

Ák
i Çqi

#)

¡ Çmk vk
e

E
= vO

r ¢ Fk

r = 1, 2, 3 (11)

These equations agree with those for a system with relative particle
motionpreviouslyderivedin Ref. 2. The term associatedwith rate of
change of mass is identi� ed as due to thrust. The rotation equations
follow by dot multiplying Eqs. (3–6) with the second term in the
right side of Eq. (9), after using some vector identities representing
inertia dyadics:

!1
r ¢

D mX

k = 1

( pk + dk ) £

(
mk

"

aO +
lX

i = 1

Ák
i q̈i

#

¡ Çmk vk
e

)
+ Î ¢ ®1

+ !1 £ Î ¢ !1 +
mX

k = 1

2mk ( pk + d k) £ ( !1 £
lX

i = 1

Ák
i Çqi

!E

= !1
r ¢

mX

k = 1

( pk + dk ) £ Fk r = 4, 5, 6 (12)

Equations (12) agree with the basic form of the rotational equation
given in Ref. 2, which gives the following more familiar form

!1
r ¢
D mX

k = 1

( pk + dk ) £

(
m k

"
aO +

lX

i = 1

Ák
i q̈i

#
¡ Çmkvk

e

)

+
@B

@t
(Î ¢ !1) + !1 £

"
mX

k = 1

mk ( pk + d k) £
lX

i = 1

Ák
i Çqi

#

¡
mX

k = 1

( pk + d k) £ Çmk [!1 £ ( pk + d k)]

E

= !1
r ¢

mX

k = 1

( pk + dk ) £ Fk r = 4, 5, 6 (13)

where use has been made of the following identity:

@B

@t
(Î ¢ !1) =

mX

k = 1

(
lX

i = 1

m kÁk
i Çqi £ [!1 £ ( pk + d k)] + ( pk + d k)

£

"
!1 £

lX

i = 1

mk Ák
i Çqi

#
+ ( pk + d k) £ Çmk [!1 £ ( pk + dk )]

)

+ Î ¢ ®1 + !1 £ Î ¢ !1 (14)

There are two terms involvingthe rate of changeof mass in Eq. (13).
Reference 2 labels the � rst term as the moment due to thrust mis-
alignment and the second one as the moment due to jet damping.
Note by referringto Eqs. (13) and (14) that the so-calledjet damping
term actually vanishes, as it does in Ref. 2. The vibration equations
given hereafter account for thrust-induced vibrations and are new,
following from Kane’s equations by multiplying the third term in
Eq. (9) with Eqs. (3–6):

mX

k = 1

Ák
i ¢

"
mk

(

aO + ®1 £ ( pk + dk ) +
lX

i = 1

Ák
i q̈i + !1

£

"

!1 £ ( pk + d k ) + 2
lX

i = 1

Ák
i Çqi

#)

¡ Çmk vk
e

#

=
mX

k = 1

Ák
i ¢ Fk

i = 1, . . . , l (15)
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Here, to compensatefor errors of premature linearizationassociated
with the use of modes,16 one could consider geometric stiffness
arising from the equilibriated system of forces of axial inertia and
thrust, as well as aerodynamicforces.Keepingonly the thrust effect,
one computes the generalizedforce associatedwith load-dependent
geometric stiffness as

Sg = u t Kg u f (16)

where Kg is the geometric stiffness due to unit thrust and f is the
thrust along the axial unit vector,

f =
mX

k = 1

¡
Çmk vk

e

¢
¢ i (17)

and the right-hand side of Eq. (15) becomes

mX

k = 1

’k
i ¢ Fk =

lX

j = 1

Sg
i j q j ¡ m

¡
x 2

i qi + 2f i x i Çqi

¢
+

mX

k = 1

’k
i ¢ f k

ext

(i = 1, . . . , l ) (18)

Mass loss and thrust cause changes in the assumed modes and fre-
quencies. Whereas the frequencies increase with mass loss, the ef-
fect of axial thrust is to lower the frequencies.18 These effectscan be
consideredexactlyby repeatedlysolvingthe eigenvalueproblem,or
approximatelyby updating the modal frequenciesand mode shapes
from a table generated for a few frozen con� gurations.

Before closing this section, it is proper to consider some of the
limitations of the particle-based formulation given in this section.
The most obvious omission is the considerationof � ow of the com-
bustion gases inside the rocket, which gives rise to forces and mo-
ments due to the Coriolis effect and unsteady � ow. Fortunately, for
solid-propellant launch vehicles, these effects are negligible, and
even for liquid rockets the only � ow can be assumed to be that of
the burnt gases being expelled through the nozzle.19 Reference 20
considers the effects of various assumptions regarding the nature of
the exit � ow� eld (e.g., uniform, parabolic, etc.) on the stability of
rocket attitude motion. In terms of the present formulation, one can
make, in principle, such assumptions regarding the exit velocity of
each combustibleparticle and, thus, embed the effectsof a � ow� eld.

Matrix Form of the Dynamical Equations
Thus far we have written the equations in vector notation.For the

implementation of these in an algorithm, we shall need the scalar
equations.To this end, we expressall vectors in the basis � xed in the
frame for the � exible body, frame 1, and invoke the modal identities
of Ref. 19where the integralscanbe replacedby summationsoverall
particlesof instantaneousmass mk and mode u k . This processresults
in the translation and rotation equations (11) and (12), becoming

M1

»
aO

a 1

¼
+ At

1q̈ + X1 =

»
0

0

¼
(19)

where the following notations have been used with U being an
identitymatrixandwhere the tildesignrepresentsthe standardskew-
symmetric matrix formed out of the elements of the corresponding
three-element column matrix:

M1 =

µ
m1U ¡ es1

es1 I1

¶
(20)

At
1 =

»
b

g

¼
(21)

X1 =

8
><

>:

ex 1( ex 1s1 + 2b Çq) ¡ ÇmVe ¡ f 1
ext

ex 1 I1 x
1 + 2

lX

i = 1

N t
i Çqi x

1 ¡ Çmerc Ve ¡ t 1
ext

;
>=

>;
(22)

Here use has been made of the following modal integrals19 that
automaticallyaccount for the mass center change effect when mass
depletion occurs from only a portion of the rocket:

b =
mX

k = 1

u k mk (23)

g =
mX

k = 1

epk u k mk (24)

s =
mX

k = 1

pkm k + bq (25)

Ni =
mX

k = 1

£¡
pk t

u k
i

¢
U ¡ pk

¡
u k

i

¢t¤
mk i = 1, . . . , l (26)

I1 = I 0
1 +

lX

i = 1

¡
Ni + N t

i

¢
qi (27)

erc =
1
n

nX

k = 1

(epk + edk) (28)

It is assumed that all particles have the same ejection speed Ve and
mass-loss rate. The vibration equations for a � exible body losing
mass, Eqs. (14), in matrix form are

A1

»
aO

a 1

¼
+ E1q̈ + Z1 = 0 (29)

where the associated matrices are described as follows:

E1 =
mX

k = 1

u k t
m k u k (30)

Z1 = Y1 + (m X 2 + K g f )q + 2m f X Çq ¡ u t fext (31)

Y1 =

8
>>>>>>>><

>>>>>>>>:

¡ x 1t ( D1 x 1 ¡ 2
lX

j = 1

d1 j Çq j

!

...

¡ x 1t ( D l x 1 ¡ 2
lX

j = 1

d l j Çq j

!

;
>>>>>>>>=

>>>>>>>>;

¡ Çm
nX

k = 1

u t
k Ve (32)

where use is made of the following modal integrals20:

Dr = Nr +
mX

k = 1

lX

i = 1

qi

£
u kt

i u k
r U ¡ u k

i u k t

r

¤
mk r = 1, . . . , l

(33)

drj =
mX

k = 1

eu k
r u k

j m
k (r, j = 1, . . . , l ) (34)

All of the modal integrals in Eqs. (23–26) and (33) and (34) can be
approximately computed assuming invariant mode shapes from a
� nite element code for current values of the mass distributionusing
the method of Ref. 21.

Order-n Algorithm for a Flexible Rocket
with Prescribed Nozzle Motion

A � exible-body rocket with a gimballed nozzle may be treated
as two articulated bodies, with the � exible body subjected to com-
bustion and associated mass loss and the nozzle modeled as rigid
with invariant mass. The � exible rocket is modeled as a set of � nite
elements with N lumped masses, of which m of the lumped masses
vary with time. The overall system can be modeled with (8 + l )
generalized speeds that includes six rigid-body degrees of freedom
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for the � exible body with l vibration modes and two relative ro-
tations in pitch and yaw for the gimballed nozzle. Direct use of
Kane’s equations, Eqs. (19) and (29), gives rise to a time-varying,
dense mass matrix of order (8 + l ), and when l is large, com-
putations become time consuming. This may not be acceptable in
onlineapplicationsor duringdesign iterations,and an algorithmthat
gives rise to block-diagonal mass matrices may be desired. When
the interaction control torque applied by the nozzle on the rocket
is known, the procedure of Ref. 10 can be directly applied, and
the algorithm is given without derivation in the Appendix. When
the nozzle angle motion time history is prescribed, as for example,
from an optimal � ight control solution, this algorithm needs to be
modi� ed. Whereas a high-bandwidth nozzle gimbal controller can
always be designed to realize the prescribed motion, this requires
small integration step sizes in simulation. The modi� cation of the
order-n algorithm described here allows larger integration steps by
exploitingthe prescribedmotion information.In preparationfor this
algorithm, we express the necessary kinematical vectors for each
body in its own reference frame. Thus, if the velocity of the point
O in Fig. 1 in frame 1 is v O with generalized speeds u1 , u2 , and u3

the acceleration of O is

aO = Çv O + ex 1v O (35)

With u4 , u5 , and u6 being the generalized speeds of the angular
velocity of frame 1 in its own basis, angular accelerationof frame 1
has components

a 1 = [ Çu4 Çu5 Çu6]t (36)

The nozzle has its reference frame, frame 2, with a � xed point that
coincides with O of the � exible body. Frame 2 is oriented with
respect to frame 1 by a body experiencing 2–3 rotations through
given time histories of h 1 and h 2. Angular velocity of frame 2 is
given in its own basis by the matrix relations

x (2) = C t
12 x

1 + R

»
Çh 1

Çh 2

¼
(37)

R =

2

4
sin h 2 0

cos h 2 0

0 1

3

5 (38)

The angular acceleration of frame 2 in its basis can be split into
terms involving derivatives of the generalized speeds of the rocket
body and remainder terms that include prescribed motion,

a (2) = a
(2)
0 + a

(2)
t (39)

where

a (2)
0 = C t

12 a
1 (40)

a (2)
t =

£
ÇR + C t

12
ex 1C12 R

¤ »
Çh 1

Çh 2

¼
+ R

»
¨h 1

¨h 2

¼
(41)

The order-n algorithmfor prescribedmotion is startedby � rst apply-
ing Kane’s equation to the dynamics of the nozzle . To this end, we
write the resultant of inertia and external forces and torques about
O on body 2 in its own basis, including the unknown forces/torques
of interaction from body 1.

»
f ¤ 2 ¡ f ext2

t ¤ 2 ¡ text2

¼
= M2

»
aO

a (2)

¼
+

»
˜x 2 ˜x 2s2 ¡ f ext2

˜x 2 I2 x 2 ¡ text2

¼
(42)

where M2 is given by Eq. (20) for a rigid body. One can write, in
view of Eqs. (39) and (40),

»
aO

a (2)

¼
= W

»
aO

a 1

¼
+

»
0

a (2)
t

¼
(43)

where W is thematrixmadeupof thedirectioncosinematrix relating
frame 1 to frame 2,

W =

µ
C t

12 0

0 C t
12

¶
(44)

so that Eq. (42) can be rewritten as

»
f ¤ 2 ¡ f ext2

t ¤ 2 ¡ t ext2

¼
= M2W

»
aO

a 1

¼
+ X2 (45)

where

X2 = M2

»
0

a (2)
t

¼
+

»
˜x 2 ˜x 2s2 ¡ f ext2

˜x 2 I2 x 2 ¡ t ext2

¼
(46)

Equation (45) accounts for the inertia and external forces and mo-
ments on the nozzle, including unknown interaction forces at O and
moments about O applied by the rocket, expressed in the frame-2
basis. It will be necessary later to express these forces and moments
in the frame-1 basis. This is done using the transformation matrix
of Eq. (44) so that

»
f ¤ 2 ¡ f ext2

t ¤ 2 ¡ t ext2

¼
= W t M2W

»
aO

a 1

¼
+ W t X2 (47)

In preparation for considering the inertia forces and torques on the
� exible body, body 1, we � rst write the solution of Eq. (29) sym-
bolically as

q̈ = ¡ E ¡ 1
1 ( A1

»
aO

a 1

¼
+ Z1

´
(48)

where the interaction forces and moments do not appear in the right
side by virtue of the assumption that the elastic deformation at the
origin of coordinatesO is zero. It may be noted here that E1, given
by Eq. (30), is a diagonalmatrix for variable mass. Now the system
of inertia and external forces and moments on body 1, including
interaction forces/torques from body 2, can be expressed in body 1
basis as per Eq. (19).

»
f ¤ 1 ¡ f ext1

t ¤ 1 ¡ t ext1

¼
= M1

»
aO

a 1

¼
+ At

1 q̈ + X1 (49)

Use of Eq. (48) in Eq. (49) and introductionof the notations

M̂1 = M1 ¡ At
1 E ¡ 1

1 A1 (50)

X̂1 = X1 ¡ At
1 E ¡ 1

1 Z1 (51)

lead to the resultantof all inertia and external forces and torques on
body 1 in its basis to be

»
f ¤ 1 ¡ f ext1

t ¤ 1 ¡ t ext1

¼
= M̂1

»
aO

a (1)

¼
+ X̂1 (52)

Finally considering the system of the two bodies, the interaction
forces and torques between the bodies cancel and the resultant of
the inertia and external forces on these two bodies is obtained by
summing Eqs. (47) and (52). This system of forces and torques is in
dynamic equilibrium.This gives rise to the linear algebraicequation
for computing the base acceleration,

£
W t M2W + M̂1

¤ »
aO

a 1

¼
+

©
W t X2 + X̂1

ª
= 0 (53)

Solution of Eq. (53), for aO and a 1 leads to the explicit statement of
the kinematicaldifferentialequations(35)and (36) and the vibration
equation (48) of the � exible rocketbody. This completes the order-n
algorithm with prescribed nozzle rotation.

Numerical Example
The order-n equations for planar motion of a � exible rocket

with prescribed motion of the gimballed nozzle are given here. For
simplicity the missile body is represented as a beam of length L
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cantileveredto the aft motor dome where the nozzle connects to the
main body, and is described by two modes. The mode shapes and
the modal integrals are functions of the roots k i of the cantilever
beam characteristic equation as follows:

u i (x) = cosh( k i x / L) ¡ cos( k i x / L) ¡ r i [sinh( k i x / L)

¡ sin( k i x / L)] i = 1, 2 (54)

where

r i =
cosh k i + cos k i

sinh k i + sin k i
i = 1, 2 (55)

Z

B

u 2
i dm = m1 i = 1, 2 (56)

b2i =

Z

B

u i dm = 2m1 r i / k i i = 1, 2 (57)

gi =

Z

B

x u i dm = 2m1L / k 2
i i = 1, 2 (58)

The matrices A1 , E1 , M1, and X1 are given, respectively, from
Eqs. (21), (30), (20), and (22) by

A1 =

µ
0 b21 g1

0 b22 g2

¶
(59)

E1 = diag(m1 , m1) (60)

M1 =

2

4
m1 0 ¡ s2

0 m1 s1

¡ s2 s1 J1

3

5 (61)

X1 =

8
>>>>>><

>>>>>>:

¡ Çh 2
1 s1 ¡ 2 Çh 1

2X

i = 1

bi Çqi ¡ ÇmVe cos h 2 ¡ f (1)
ext

¡ Çh 2
1 s2 ¡ f (2)

ext ¡ ÇmVe sin h 2

ÇmVe( 2X

i = 1

} i( L

2

´
qi cos h 2 ¡

L

2
sin h 2

!

¡ t (1)
ext

;
>>>>>>=

>>>>>>;

(62)

where h 2 is the prescribed nozzle angle and Eq. (25) de� nes
»

s1

s2

¼
=

»
m1 L / 2

b21q1 + b22q2

¼
(63)

The two components of the external force and the torque due to
aerodynamics and gravity on the rocket body are expressed in the
body basis as

»
f ext1

t ext1

¼
= 0.5 q ( Çx2 + Çy2) As

8
<

:

Cx

C y

LmCm + 0.0212L a

;
=

;

¡ m1g

8
<

:

sin h 1

cosn h 1

0.5L cos h 1

;
=

; (64)

Here As is the aerodynamic surface area, Lm is a characteristic
length for the aerodynamic moment, and Cx , Cy , and Cm are the
aerodynamic coef� cients given as functions of the angle of attack
a . Matrix Z1 is given by Eq. (31) as incorporatingEq. (18)

Z1 =

(
m1

¡
x 2

1 ¡ Çh 2
1

¢
q1

m1

¡
x 2

2 ¡ Çh 2
2

¢
q2

)
+

6 ÇmVe

5L

(
} 2

1 (L)q1 + } 1(L) } 2(L)q2

} 2
2 (L)q2 + } 1(L) } 2(L)q1

)

¡ f (2)
ext

8
>>><

>>>:

} 1( L

2

´

} 2( L

2

´

;
>>>=

>>>;
(65)

Here the second column matrix represents the geometric stiffness
effect due to thrust on a cantilever beam.22 For the nozzle oriented
as in Fig. 1, matrices M2 and X2 follow from Eqs. (20) and (22) for
rigid bodies:

M2 =

2

4
m2 0 0

0 m2 ¡ m2r2

0 ¡ m2r2 J2

3

5 (66)

X2 =

8
<

:

0

¡ m2r2

J2

;
=

;
¨h 2 +

8
><

>:

m2

¡
Çh 1 + Çh 2

¢2
r2 + m2g sin( h 1 + h 2)

m2g cos( h 1 + h 2)

¡ m2gr2 cos( h 1 + h 2)

;
>=

>;
(67)

The directioncosine matrix of Eq. (44), referring to Fig. 1, becomes

W =

2

4
cos h 2 sin h 2 0

¡ sin h 2 cos h 2 0

0 0 1

3

5 (68)

Open-loop control in the form of prescribed motion of the gim-
balled nozzle is obtained by simplifying an actual time history by
the following function:

h 2 = 2.618 £ 10 ¡ 3t t < 10 (69)

h 2 = 2.618 £ 10 ¡ 2

µ
1 ¡

t ¡ 10

60

¶
+ 5.236 £ 10 ¡ 3 sin

p (t ¡ 10)

30

10 < t < 70 (70)

Now matrices in Eqs. (50) and (51) can be formed. Equation (53) is
then set up where

»
aO

a 1

¼
=

8
<

:

ẍ1 ¡ Çy1 Çh 1

ÿ1 + Çx1 Çh 1

¨h 1

;
=

; (71)

written in terms of the body components of velocity, Çx1 and Çy1.
Finally, the gimbal torque required to realize the prescribed motion
can be written by reducing to planar case Eq. (A6) given in the
Appendix,

s c = ¡ J2
¨h 2 ¡ [0, ¡ m2r2 , J2]W

»
aO

a 1

¼
+ m2gr2 cos( h 1 + h 2) (72)

The equations developed for the example problem were coded by
the symbol manipulator program, AUTOLEV.23 Numerical sim-
ulation was carried out for the following data: m1 =4400 slug,
m2 =90 slug, L =60 ft, Çm = ¡ 39 slug/s, Ve = ¡ Ispg, with speci� c
impulse Isp =267, J2 =200 slug-ft2 , r2 =0.5 ft, Q =2425 lb/ft2,

Fig. 2 Prescribed motion time history of the nozzle gimbal angle.
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As =46 ft2 , and Lm =21.4 ft. The cantileverbeam with EI =1.14 £
109 lb-ft2 had initial � rst two natural frequencies, 1.05 and 6.6 Hz,
respectively.

The aerodynamic coef� cients were given by Cx = 0.0115a ¡
0.420, Cy = ¡ 0.0425a , and Cm = 0.149a . In computing the dy-
namic pressure term in Eq. (64), an exponential density model was
used with the inertial vertical component of position yi :

q = 2.377 £ 10 ¡ 3 exp( ¡ 4.15 £ 10 ¡ 5 yi ) (73)

Three simulations were performed with these data: that for a rigid
rocket, that for a rocket with low � exibility (36 times the value of EI
given earlier), and that for high � exibility. The rigid-body response
equations were obtained by zeroing out all terms having to do with
� exibility in the basic formulation given in the paper.

Figure 2 is the input to the codes of prescribed motion of the
nozzle angle with respect to the rocket, as de� ned by Eqs. (69) and
(70). Figure 3 has three plots of the height of the rocket from the

Fig. 3 Height of the rocket from the ground vs time, given by three
rocket models.

Fig. 4 Horizontal displacement of the rocket vs time, given by three
rocket models.

ground, for low- and high-� exibility models, and for the rigid-body
model of the rocket, and results show the difference that � exibility
makes. There is a noticeabledifferencefor the high-� exibilityresult
from the rigid or low-� exibility result. Figure 4 shows the inertial
horizontal displacement vs time of the rocket for the two � exible
models and the rigid model. Although the difference between the
rigid and low-� exibilitymodels is small, there is a signi� cant differ-
ence between these and the high-� exibility model. The difference
between the rigid and the � exible rocket models is further shown in
pitch angle response in Fig. 5, with the difference increasing as the
body becomes more � exible. An implication for control implemen-
tation from the results in Fig. 5 is that a gyro placed on a � exible
rocket would read differently from that on a rigid rocket; this dif-
ference also depends on location of the gyro along the rocket. How
bending deformations vary along the length of the rocket is illus-
trated in Fig. 6, which shows the de� ections at the midpoint and the
tip of the highly � exible rocket. Note that the de� ection is negative

Fig. 5 Pitch angle of the rocket vs time, given by three rocket models.

Fig. 6 Tip and midpoint de� ection of the high-� exibility rocket model
vs time.
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Fig. 7 First modefrquency ofhigh-� exibility rocket model vs time with
mass loss only (dotted line) and under the combined action of mass loss
and thrust.

Fig. 8 First mode frquency of low-� exibility rocket model vs time with
mass loss only (dotted line) and under the combined action of mass loss
and thrust.

corresponding to a positive nozzle angle, which gives a positive
transverse component of the thrust; this means that the bending de-
� ection is due to the inertia forces resulting from the transverse
component of the thrust. Figure 7 shows the natural and effective
� rst-mode frequency of the highly � exible rocket, with the dashed
curve showing the rise in natural frequency with time, indicating
mass-loss effect without any thrust; the solid curve shows the actual
or effective frequencyvariationwith time, when both mass loss and
thrust are considered. The softening action of the system of com-
pressiveforces made up of thrust and inertia is apparentfrom Fig. 7.
Figure 8 shows the natural and effective frequenciescorresponding
to the � rst mode of vibration for the low-� exibility model vs time
due. Figure 9 shows the time history of the gimbal torque needed to
realize the prescribedgimbal motion for the high-� exibility model.

Fig. 9 Gimbal torque in the high-� exibility rocket simulation with
speci� ed gimbal motion vs time.

Conclusions
A theory of � exible rocket dynamics suitable for real-time com-

putation is developed in the form of Kane’s equations for a � exible
body losing mass. The method captures the effects of thrust, mass
center change,and change in transversevibrationfrequenciesdue to
mass loss and thrust. An order-n version of the equations of motion
of a rocket with prescribed motion of its nozzle is given. Open-
loop control simulations prescribing the gimbal angle motion show
that the difference in � ight behavior between a rigid-body model
and a � exible-body model of a rocket increases as the � exibility
of the rocket increases. This highlights the need in � ight control
simulations of lightweight, slender rockets for having a � exible-
body model that accounts for mass loss. It is hoped that the theory
presented in this paper will ful� ll such a need.

Appendix: Regular Order-n Algorithm
A reductionof the order-n algorithmof Ref. 10 for the simulation

of a � exible rocket controlledby gimbal torques s 1 and s 2 drivingthe
respectivegimbal degrees of freedom h 1 and h 2 is given hereafter.

1) Compute M1 , X1, A1 , M2 , and X2 , as before.
2) Introduce in terms of Eq. (38) the (6 £ 2) partial angular ve-

locity matrix,

P =

µ
0

R

¶
(A1)

and de� ne for the inertia matrix I2 of the gimbal

l = Rt I2 R (A2)

3) Compute for a 6 £ 6 identity matrix U

M =
£
U ¡ M2 P l ¡ 1 P t

¤
M2 (A3)

X =
£
U ¡ M2 P l ¡ 1 P t

¤
X2 ¡ M2 P l ¡ 1

»
s 1

s 2

¼
(A4)

4) Solve the linear algebraic equations, replacing Eq. (54)

£
W t MW + M̂1

¤ »
aO

a 1

¼
+

©
W t X + X̂1

ª
= 0 (A5)

5) The gimbal dynamics equations are
»

¨h 1

¨h 2

¼
= ¡ l ¡ 1

µ
P t

»
M2W

»
aO

a 1

¼
+ X2

¼
¡

»
s 1

s 2

¼ ¶
(A6)

6) The rocket vibration equations are given as before by Eq. (48).
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